1. Let § be a Hubert space. A projection is a bounded idempotent linear operator. Orthogonal projections form a proper subclass of the class of all projections. A problem is to get a condition for there to exist commuting projections E\, • • • , En with the same ranges as given orthogonal projections Pi, • • • , P" respectively. This will be settled in terms of properties of the sublattice, generated by Pi,
• • • , Pn in the lattice of all orthogonal projections. In case n = 2, commuting projections with minimum norms are constructed. Another problem is to find commuting projections £1, •••,£" in a Hubert space Ä, containing § as a subspace, such that PjX=PEjX for r£ §, j = l, 2, • • • , n, where P is the orthogonal projection from $ onto ÍQ. This will be proved to be always possible.
2. Let P and Q be orthogonal projections with ranges SDÎ and 3Î respectively. Then P/\Q and P\JQ will denote the orthogonal projections onto SDÍPiSÍ and the closure of S0Î+9Î respectively. UDÎOÎJÏ will stand for the subspace fflfMfflr^yi)L and P0Ç? is the orthogonal projection onto it. If there exist commuting projections £ and F with ranges 5DÎ and 9t respectively, ST/í+íí becomes the range of the projection £ + F -£F, therefore it is a closed subspace.
If, conversely, SDÍ+^l is closed, in view of the well-known theorem of Kober (see [3] ) the operators £' and F', which assign to each sGSDÎ + SÎ the elements u-\-v and u+w respectively, are continuous, where u, v and w are uniquely determined by the relation x = u+v+w with MGSDînft, î>e$D?e9î and wGSiOfflî. Then the operators £ Lemma. ||(Q0P)(P0Q)|| =||PVÖ+PAÖ-P-Q||.
PVQ + PAQ -p -Q = (p e Q) v (Q e p) -(P e e) -«2 e p)
and (POÖ)A(öeP)=0, it suffices to prove ||/-P-<2|| =||(?P|| under the assumption that PA<2 = 0 and P + Q = I.
Since it is known [l, p. 70] that ||/ -P -e|| = Max{||QP||, ||(/ -QKI -P)\\}, the assertion is true in case \\QP\\ = 1. If \\QP\\ < 1. in view of the foregoing result there exist the unique commuting projections £ and F with the same ranges as P and Q respectively and their norms are equal to {1 -||(2P||2}-1. On the other hand, £* and F* are the unique commuting projections with the same ranges as I -Q and I-P respectively. The same discussion is applied to get
Use, finally, the relation ||(/-P)(/-G)|| = ||(7-0(7-P)||.
In view of this lemma, the preceding results can be summarized in the following theorem.
Theorem 1. For a pair of orthogonal projections P, Q the following conditions are mutually equivalent:
(1) there exist commuting projections E and F with the same ranges as P and Q respectively; (2) (PVÇ)AÇ' = (P'A0')V Q for every orthogonal projection Q' with (3) \\PVQ+PAQ-P-Q\\<1.
When one (and all) of these conditions is fulfilled, there exist such commuting projections £o and F0 with minimum norm: \\Eo\\ = ||P,|| = {1 -||PV<2 + PAO -P -Oil2}"1'2-A related problem is to ask when there exist doubly commuting projections £ and F, i.e. EF-FE and E*F= FE*, with the same ranges as P and Q respectively. The answer is, however, quite simple. It is the case (when and) only when PQ = QP. In fact, since the range of the projection I -E* is the orthogonal complement of the range of £ and is invariant under F by the double commutativity, the range 4. When § is imbedded in a larger Hubert space ®, a linear operator 5 in ® is called a dilation of a linear operator T in §, in case Sx = PTx for #£ §, where P is the orthogonal projection from $ onto §.
In a previous paper [2] we proved that if a pair of orthogonal projections admits dilations which are commuting orthogonal projections, then they necessarily commute with each other. In this connection the following theorem is of interest. it follows that EjX = PjX+IjPjX, which means that E¡ is a dilation of
Pi-
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